Using calculations from first principles we have investigated the lattice thermal conductivity of ideal mono-and bi-layer graphene sheets. Our results demonstrate that the intrinsic thermal conductivity of both mono-and bi-layer graphene is around 2200 Wm −1 K −1 at 300 K, a value close to the one observed theoretically and experimentally in graphite basal plane, and at higher temperatures it decreases with the expected T −1 dependence. The little variation between monoand bi-layer thermal conductivity suggests that increasing the number of layers does not affect significantly the in-plane thermal properties of these systems.
graphene using phonon dispersion relations and lattice anharmonicity parameters calculated from first principles methods. Our results show that mono-and bi-layer graphene sheets have an intrinsic thermal conductivity superior to usual bulk solids except diamond which has 600 ∼ 2000 Wm
The lattice thermal conductivity κ of a crystal at finite temperature T can be written as
where t is a unit vector in the direction of the thermal gradient ∇T, v(q) is the group velocity of the phonon modes, and τ (q) is their life time. 9, 10, 11 Here, the index λ runs over the phonon modes and C ph (ω) is the contribution of phonon modes to the specific heat whose form is
where k B is Boltzmann constant andh is Plank constant. In order to evaluate accurately the lattice thermal conductivity one needs to obtain the phonon group velocity v(q) from realistic phonon dispersion relations and to estimate the phonon life time from a careful consideration of the possible relaxation mechanisms.
As shown very elegantly in Ref 2, one can calculate the graphite thermal conductivity along the basal plane considering only the LA and TA branches. The assumption is that the phonon dispersion of graphite has cylindrical shape and the ZA modes strongly interact only along the c-direction, mainly due to the large spacing and the weak bonding between the layers. Since the group velocities of the optical modes are considerably smaller than those of the acoustic modes, optical branches can be disregarded. Therefore, we can consider only TA and LA modes in the range above the temperature which corresponds to the highest ZA frequency and we can replace the first Brillouin zone (FBZ) with a circular cylinder and define the average sound velocity v for the two-dimensional phonon gas consisting of LA and TA modes as:
Recent first principles calculations of phonon dispersion in graphite 12,13 and our own results validate this approach since the phonon dispersion curves along the Γ − A axis are almost flat, implying that the FBZ of graphite looks like a circular column. Graphene sheets inherently have a two dimensional nature so it seems reasonable to accept these assumptions for the high temperature range in which the role of ZA modes is not significant. According to our calculations, the maximum of ZA mode is at 535 cm −1 . This frequency corresponds to 123 K (k B T =hω), validating our assumption for any T larger than that.
We evaluated the average phonon life time as limited by the anharmonicity of lattice vibrations since this is the most fundamental limiting factor which is not relying on the purity of crystal or boundary termination technology. The analytical expression for the relaxation rate from the anharmonic three-phonon processes are readily derived as:
where γ λ are Grüneissen parameters, k B is Boltzmann constant, T is temperature, M is the mass of atoms and λ runs over the phonon modes. vibrational modes of graphite and graphene. 12, 13 In this study, the calculation for phonon dispersion and Grüneisen parameters for the mode anharmonicity were obtained by using the PWscf package of the QUANTUM-ESPRESSO distribution. Table I . The results for bi-layer graphene show a very similar behavior. As shown in the figure, another optical vibrational mode appears at Γ of bi-layer graphene phonon dispersion. This ZO' mode at 78 cm −1 is produced by the displacement of the carbon atoms in opposite directions along the c crystalline axis (optical mode). In graphite the same mode has a frequency of 95 cm −1 . 16 The agreement of our data with the previous theoretical and experimental studies is clearly excellent. From these accurate phonon dispersion curves we calculated the group velocity v(q) and the Grüneissen parameter γ λ for each phonon mode λ. The latter are defined as the negative logarithmic derivative of the frequency of the mode with respect to volume:
where a is the lattice constant. By calculating phonon dispersion relation with small deviation from the original lattice constant and using the above definition, we computed the Grüneissen parameters over the FBZ as shown in the contribution from the LA mode is larger than the one from the TA mode due to the large group velocity of the LA mode. From the data in Fig. (b) , it is evident that the magnitude of the TA and LA modes is decreased when another layer is added to the system; however, also the number of modes doubles so that the normalized conductivity is the same.
Moreover, going from mono-to bi-layer graphene, the slope of the TA and LA branches do not change significantly. However, the thickness of the layer doubles, so the contribution from each branch becomes one half of the value of the mono-layer.
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The lattice thermal conductivity with phonon mean life time limited by lattice anharmonicity effects is presented in Fig. for . As previously mentioned, the contribution from the LA branch is larger than that from the TA branch in the case of normalized thermal conductivity. However, as shown in the graphs, the TA mode transfers a larger portion of thermal energy than the LA mode in the real thermal conductivity. This is due to the longer phonon life time of TA which is expected from the comparison of the Grüneissen parameters. The LA mode has three times larger γ. Overall, nine times longer phonon mean life time is expected for TA so that this longer life time compensate the smaller group velocity. Klemens et al. 2 predicted 1900 Wm
as the lattice thermal conductivity along the basal plane for the bulk graphite at 300 K.
Our results substantially agree with this previous estimate. The small difference, around 300
at room temperature, that we find can be explained by two reasons. First, in Ref.
2 they assumed γ=2 for both modes, a choice that eventually decreases the thermal conductivity. Second, they assumed an average sound velocity in the FBZ which could increase the thermal conductivity since the actual group velocity of phonon modes decreases when q approaches the zone boundary. The Debye frequencies ω m of two dimensional phonon gas in mono-and bi-layer graphene are 1265 cm −1 and 1243 cm −1 respectively and those almost correspond to the maximum frequencies of the LA mode at the zone boundary which supports the assumption that the frequency below ω m (TA and LA) contributes to the thermal conduction. Finally, in Fig. we present the angular dependence of the thermal conduction.
θ in the figure is the angle between the direction of the thermal gradient and the (110) crystalline direction. The angular dependence was calculated for different thermal gradient directions where, however, we observe only a negligible variation (less than 0.1% at 300 K).
When it comes to realistic finite graphene nanoribbon, other possible scattering mechanisms can arise, in particular scattering by impurities and by the discontinuous structure of the ribbon side terminations. To evaluate these effects one should both measure the density of substitutional impurity atoms and the mass difference between the impurity atoms and the carbon atoms and gain a more complete understanding of the geometry of the system. distribution, and a plane wave expansion up to 55 Ry. 32×32×1 Monkhorst-Pack meshes were used with a 0.02 Ry Fermi-Dirac smearing in the electronic occupations. We used the theoretical lattice parameter a =2.46Å that is in excellent agreement with the experimental value at 300K. The same simulation parameters were used for both mono-and bi-layer graphene setting the intralayer distance to the theoretical minimum 3.36Å. The bi-layer graphene geometry is rhombohedral. 21 We assumed a layer thikness h = 3.5Å for mono-layer 22 and h = 3.5 + 3.36 = 6.86Å for the bi-layer. 
